Microbial electrolysis cells (MECs) are devices that employ electroactive bacteria to perform extracellular electron transfer, enabling hydrogen generation from biodegradable substrates. Previously we analyzed a regular, semi-explicit, index 1 differential-algebraic equation (DAE) model for MECs. The model consists of ordinary differential equations (ODE) resembling chemostats or continuous stirred tank reactors (CSTRs), an ODE for a mediator involved in electron transfer, and an algebraic constraint for electric current and hydrogen production. This work characterizes asymptotic stability of equilibria in two biologically relevant versions of the model. Our goal is to determine the outcome of competition between methanogenic archaea and electroactive bacteria, because only the latter contribute to electric current and hydrogen production. We investigate global asymptotic stability in a model with finitely many species, Monod kinetics, different removal rates, and a constraint based on the Nernst and Butler-Volmer equations. If methanogens can grow at the lowest substrate concentration, then the equilibrium corresponding to competitive exclusion by methanogens is globally asymptotically stable. Establishing the analogous result for electroactive bacteria has proven challenging. As a first step towards characterizing stability of an electroactive-only equilibrium, we consider local asymptotic stability in a model with three types of microbes, general monotone kinetics, equal removal rates, and a general constraint. In this model, even if electroactive bacteria can grow at the lowest substrate concentration, a few additional conditions are required to guarantee local asymptotic stability. We also provide numerical simulations supporting these arguments. Our results suggest operating conditions that are most conducive to success of electroactive bacteria and current or hydrogen production in MECs.
Introduction
Microbial electrolysis cells (MECs) are an emerging technology that employs microorganisms to recover energy and resources from organic waste [1] . Bacteria on the electroactive anode biofilm oxidize (in)organic substrate and transfer electrons to generate electrical current and release protons (H + ) [2] . The protons recombine to form hydrogen at the cathode. A small voltage (0.2−0.8 V) is needed to overcome the thermodynamic barrier, which is much lower than traditional water electrolysis (1.8-3.5 V) and can be supplied by a small solar panel, low-grade heat, or microbial fuel cells (MFCs), all of which can be available onsite [1, 2] . The gap of energy input between microbial and pure electrochemical electrolysis is provided by chemical energy stored in the organics. While the electroactive bacteria facilitate hydrogen production, methanogenic archaea consume the same substrate or product, H 2 , to produce methane, a product which is often less desirable [3] . As a result, methanogenesis leads to decreased energy efficiency of the system. MEC technology has several advantages over other resource recovery and hydrogen production methods. Microbial electrolysis reduces energy use compared to water splitting because some of the energy is derived from embedded energy in the waste biomass [4] . MECs are also more efficient than other methods using renewable wastewater, such as fermentative hydrogen production [5] . In fact, Lu et al. [6] demonstrated up to 96% recovery of the maximum theoretical yield of hydrogen in MECs operated using fermentation effluent. 
Model

(t).
In the inner layer of the anodic biofilm (highlighted by the red box), electroactive bacteria (green spheres) oxidize the organic substrate and reduce an extracellular mediator, M , thereby producing CO 2 and protons and transferring electrons extracellularly. Methanogenic microorganisms (blue spheres) also consume the substrate, producing CH 4 in addition to CO 2 and thereby decreasing efficiency of the system. Only methanogens are present in the outer layer. Hydrogen is produced via a reduction reaction as protons in solution react with electrons at the cathode. An external voltage must be applied from a power source (labeled PS) because the process is endothermic.
In our previous work [7] , we analyzed and validated a regular, semi-explicit, index 1 differential-algebraic equation (DAE) model for a single substrate MEC [8] . The DAE system is an extended version of an ordinary differential equation (ODE) model for chemostats, also known as continuous stirred tank reactors (CSTRs). Besides an ODE system that describes the rate of change of the microorganism populations, the organic substrate, and an extracellular mediator involved in electron transfer, the system also includes an algebraic constraint that relates electric current through the external circuit to the concentrations of the electroactive bacteria and the mediator molecule. Our group demonstrated computationally that transcritical bifurcations in the dilution rate determine whether electroactive bacteria or methanogens or both will survive at the stable equilibria. The outcome of competition for substrate is a key question because the types of microbes that exist at the system's stable equilibria determine the electric current or hydrogen production rate. Hydrogen production at the stable equilibrium is possible only if electroactive bacteria are present to generate the needed current. Our efforts here provide answers by characterizing stability of equilibria for two versions of the MEC model, without reference to specific parameter values.
Our goal is to build upon extensive mathematical literature on chemostats to characterize stability of equilibria in the MEC model. One of the main conclusions in the chemostat literature is that if one or more microbes can grow at a lower substrate concentration than the others, then there is a globally asymptotically stable equilibrium where only those microbes have nonzero concentration. This phenomenon is often referred to as competitive exclusion and it holds under a variety of model assumptions. Unfortunately, the MEC analysis is complicated by the fact that growth of the mixed culture bacteria is a nonlinear function of two interdependent variables, the concentrations of substrate and of mediator molecules involved in electron transfer. In spite of this, we demonstrate that competitive exclusion by methanogens is globally asymptotically stable and provide conditions for local asymptotic stability of competitive exclusion by electroactive bacteria.
Model
Versions of the semi-explicit index 1 DAE model for the MEC have been described previously in [7, 8, 9] . Our model differs from [8] by not including fermenting microorganisms that convert a complex substrate into 1.1 Model 3 a single compound such as acetate. Competition among fermenting microbes is separate from competition among electroactive bacteria and methanogens and is not a factor in a single simple substrate MEC. We consider the following system, extended to include finitely many microbes of each type:
A single substrate with concentration S flows into the tank at constant rate DS 0 , where D = F/V is the flow rate per volume and S 0 is the fixed influent substrate concentration. Let X m1 ∈ R nm 1 , X m2 ∈ R nm 2 and X e ∈ R ne represent the concentrations of microorganisms. Microorganisms grow in two layers on the anode biofilm. The outer biofilm layer contains n m1 methanogen species with concentrations X m1,j for j = 1, 2, . . . , n m1 . The inner layer contains n m2 methanogen species with concentrations X m2,j for j = 1, 2, . . . , n m2 , and n e electroactive bacteria species with concentrations X e,j for j = 1, 2, . . . , n e . This stratification is reasonable because electroactive bacteria are more closely associated with the anode. Substrate is consumed by the microbes at rates q m1,j (S), q m2,j (S), or q e,j (S, M ). Each microbe type has growth rate µ m1,j (S), µ m2,j (S), or µ e,j (S, M ) and biofilm decay rates K d,m1,j , K d,m2,j , or K d,e,j . α represents a biofilm retention function which ensures that each biofilm layer cannot grow past a maximum density:
, otherwise.
This reasonable assumption is used in the proof of Lemmas 3 and 4. While methanogens consume only the substrate, electroactive bacteria also consume the oxidized form of a mediator molecule, M , that is involved in electron transfer. The mediator exists in oxidized and reduced forms M and M red , respectively. The mediator has a maximum concentration, M total = M + M red , corresponding to the maximum biofilm concentration of electroactive bacteria. Following Pinto et al. [9] , electroactive bacteria are assumed to transfer electrons via oxidation reduction reactions of the form
These reactions are represented in the diagram in Figure 1 . The oxidized mediator is replenished at a rate proportional to the electric current in the device, I, as the reduced mediator molecules transfer electrons to the anode. Y M is the mediator yield of the reactions (8) and (9) . The electric current can be determined by accounting for the voltage losses in the system. Microbial electrolysis is endothermic, so some small external voltage, E applied , is required. The applied voltage may be opposed by some counter-electromotive force, E CEF . There are also several sources of voltage losses that occur in practice. Ohmic losses, η ohm , arise from various types of resistance in the circuit. Activation losses, η act , arise from the activation energy of the oxidation-reduction reactions occurring in the cell. Concentration losses, η conc , arise from certain processes that limit the concentration of reactants at the anode and the cathode [10, 11] . All of this can be expressed in the following electrochemical balance equation,
where subscripts A and C represent the anode and cathode, respectively. This model ignores concentration losses at the cathode because hydrogen molecules should diffuse away from the cathode rapidly. It also
ignores activation losses at the anode under the assumption that the MEC operates at high over-potential at the cathode. However, these voltage losses could be included by the general constraint in the local asymptotic analysis in Section 2. All of the model parameters are positive. The dilution rate, D, could be zero for a batch fed reactor in which substrate is not added; however in the batch fed case, the only equilibrium occurs when zero microorganisms remain, having used up substrate or died first. The differential equations represent concentrations, so we are only interested in solutions with nonnegative concentrations. We also assume that initial substrate concentration is not larger than the influent, that initial current is positive, and that the initial biofilm concentrations are less than or equal to the maximum biofilm concentrations.
This work does not model hydrogen production, anode geometry, accumulation of byproducts, or oxygen concentration specifically. However, the literature has shown that the hydrogen production rate directly correlates with current, so equation (10) can be used to infer the rate of hydrogen production once the current is known. Geometry can be included by incorporating anode surface area as a parameter in the constraint. Accumulation of byproducts and oxygen sensitivity of anaerobic methanogens could be modeled by using time dependent growth functions and decreasing the maximum growth rate of methanogens, respectively. The following section discusses previous work that has characterized the equilibria of ODE systems resembling equations (1) - (3) when X e ≡ 0 and α ≡ 0. This paper extends some of those results to include a DAE system with additional equations (4) - (6), representing current production by electroactive bacteria using an extracellular mediator.
Mathematical Background
There is a large body of literature proving that competitive exclusion occurs for ODE models resembling equations (1) - (3) with X e ≡ 0 and α ≡ 0. Essentially, stable equilibria may exhibit either competitive exclusion (one species remains), coexistence (multiple species remain), or total extinction (no species remain). Competitive exclusion is generic because coexistence requires multiple species to share an identical parameter value and extinction requires all species to be inadequate competitors. Hsu et al. [12] proved the competitive exclusion principle for an ODE model of chemostats with microbial growth determined by Monod kinetics. Hsu [13] then provided a more elegant proof using a Lyapunov function to guarantee global stability. These papers showed that, if survival was possible at all, only the microorganism(s) that could grow at the lowest substrate concentration would survive at the stable equilibria. The work also showed that coexistence was only possible if multiple species could grow at the same smallest substrate concentration. Hansen and Hubbell [14] provided experiments verifying the theory of competitive exclusion. Subsequently, dozens of authors have proven competitive exclusion occurs in chemostats with various special assumptions. See the monograph [15] or the more recent paper [16] for more details. Besides microbial growth determined by Monod kinetics, we will also focus on the case of general monotone kinetics with equal washout rates and a general constraint [17] .
To explain microbial electrolysis, the DAE model includes a differential equation for an extracellular mediator involved in electron transfer to the cell anode as well as an algebraic constraint that determines the electric current. The constraint turns this model into a regular, semi-explicit, index 1 DAE system which does not fit into the previous ODE frameworks. In this paper, we extend results from the chemostat literature [13, 17] to cover the DAE system given by (1) -(6). The following section provides an overview of the structure of the rest of the paper.
Overview
In Section 2, we use the spectrum of the matrix pencil of the DAE to characterize local asymptotic stability of equilibria in a simplified model with 1 species of each type, general monotone kinetics, equal decay rates, and a general constraint. Section 3 reviews LaSalle's invariance principle, which is essential to the proof of competitive exclusion by methanogens in the following section. Section 4 shows that competitive exclusion by methanogens is globally asymptotically stable for the full MEC system (1) -(6) with multiplicative Monod kinetics, different decay rates, and a constraint based on the Nernst and Butler-Volmer equations. Numerical simulations supporting the theorem in Section 4 are provided in Section 5. The conclusion in Section 6 summarizes results and points out that the conditions in Section 2 can be used to evaluate numerically whether competitive exclusion by electroactive bacteria will be locally asymptotically stable or not. This section also indicates that MEC operators will want to avoid operating conditions where methanogens can survive at the lowest substrate value because those conditions make competitive exclusion by methanogens globally asymptotically stable.
Local asymptotic stability in a simplified model
In this section, we consider local asymptotic stability of equilibrium points corresponding to extinction and competitive exclusion in a simplified MEC model. Here we assume that there is one compartment for each type of microbe (i.e., n m1 = n m2 = n e = 1), and that the biofilm decay rates are equal to the dilution rate (i.e.,
We also assume general monotone kinetics where q m1 (S) = µ m1 (S)/y m1 , q m2 (S) = µ m2 (S)/y m2 , and q e (S, M ) = µ e (S, M )/y e . These assumptions allow concise conditions for local asymptotic stability. The presentation of results is simplified if we rescale the model variables. We set
This yields a system of the forṁ
where
and g(x e , m, I) represents the rescaled constraint. Derivatives are taken with respect to rescaled time τ . In this section, we will allow for general monotone growth functions and a general constraint. We consider a class of kinetics where the growth rates and substrate consumption rates of the microbes will increase with substrate concentration and also mediator concentration in the case of electroactive bacteria. We also make the physically reasonable assumptions that ohmic voltage losses in g will decrease with x e (because a decrease in electroactive bacteria concentration is effectively an increase in resistance in the circuit), concentration losses will increase with the oxidized mediator m, and that activation losses will increase with I. The requirements on the kinetics are summarized by the following condition.
Condition 2.1. The kinetics in this section satisfy:
, and f e (s, m) are continuously differentiable and monotonic;
2.
∂g ∂xe > 0 and ∂g ∂m , ∂g ∂I < 0. For a quasilinear DAE, A(z)ż = F (z), local asymptotic stability of equilibria can be determined from the spectrum of the matrix pencil, {σA(z) − F ′ (z) : σ ∈ C} [18, 19, 20] . An equilibrium point z * of a regular DAE is asymptotically stable if Re(σ) < 0 for all elements in {σ ∈ C : det(σA(z
The MEC model is a regular DAE due to the requirement that ∂g ∂I < 0 in Condition 2.1. The rescaled model (11) - (16) has several important equilibrium points corresponding to extinction of all microbes or competitive exclusion by one type of microbe. These depend on the substrate (and mediator) values where each microbe attains zero net growth. Let λ m1 , λ m2 , and λ e (m) be the substrate concentrations where f m1 (s) = 1, f m2 (s) = 1, and f e (s, m) = 1, respectively. In the case of the electroactive bacteria, there is a curve s = λ e (m) that satisfies f e (s, m) = 1. In Section 4, Figure 2 depicts what the curve would look like for a system with multiplicative Monod kinetics. Biologically meaningful solutions will be located in the interval (0, 1), which corresponds to attainable substrate concentrations. If λ m1 , λ m2 , λ e (m) < 0, 6 then no microbe can ever have positive net growth and if λ m1 , λ m2 , λ e (m) > 1, then all microbes require more substrate than is available given the influent substrate concentration. The model equilibria exhibiting extinction and competitive exclusion are shown in Table 1 . The mediator concentrations in these equilibria are the solutions to the constraint, 0 = g(x e , m, I), at the corresponding points. In particular, m 0 is the solution to 0 = g (0, m 0 , 0) and m * is the solution to 0 = g 1 − λ e (m * ), m * ,
Extinction of all microbes
Competitive exclusion by methanogen 1
Competitive exclusion by methanogen 2
Competitive exclusion by electroactive bacteria Table 1 : Equilibrium points representing extinction and competitive exclusion in the MEC system (11) - (16) with kinetics satisfying Condition 2.1.
The following mutually exclusive cases make one of the equilibrium points locally asymptotically stable. In the final case, local asymptotic stability of the electroactive-only equilibrium also depends on a discriminant that appears in two elements of the spectrum of the matrix pencil at p e ; we denote this discriminant by 
where , then p e is locally asymptotically stable.
The extinction equilibrium, p 0 , will be unstable in general because we expect at least one microbe to be an adequate competitor with a λ value in (0, 1). The spectrum of the matrix pencil at p 0 is
so p 0 is unstable as long as one of λ m1 , λ m2 , or λ e (m 0 ) are in the interval (0, 1). In this case, a microbe introduced into the system may grow in the presence of plentiful substrate. If one of the methanogens can grow at the lowest substrate value, then the corresponding methanogen-only equilibrium, p m1 or p m2 , will be locally asymptotically stable. The spectra of the matrix pencils at p m1 and p m2 , are
and
respectively. The main difference is that the indices m 1 and m 2 are exchanged between the two spectra. If Case 2 or Case 3 holds, then only x m1 or x m2 will be able to attain positive net growth near the corresponding equilibrium. Finally, the spectrum of the matrix pencil at p e is {σ 1 , σ 2 , σ 3 , σ 4 , σ 5 } where 
Unlike the methanogen-only equilibria, local asymptotic stability of the electroactive-only equilibria is not guaranteed when the electroactive bacteria can survive at the lowest substrate concentration. This means it is unlikely that chemostat results extend to electroactive-only equilibria in an MEC. However, we can assert that for Monod kinetics with different decay rates and a constraint based on the Nernst and Butler-Volmer equations, methanogen-only equilibria are globally asymptotically stable when methanogens can grow at the lowest substrate concentration. The proof of this assertion in Section 4 relies on LaSalle's invariance principle, which we review in the next section.
LaSalle's invariance principle for semi-explicit DAEs
LaSalle's Invariance Principle is the key element in our proofs in Section 4 because we use it to guarantee that, under certain conditions, solutions to (1) -(6) approach a set where only methanogens survive. The system in equations (1) - (6) can be represented in the forṁ
Condition 3.1. Suppose that, for some set W 0 ∈ R r+p , the following assumptions hold:
The statement of the LaSalle's invariance principle will be simplified by the following definition. 
Then every solution in Ω approaches the largest invariant set in {(y, z) ∈ Ω : V (y, z) = 0} as t → ∞.
See [21] for a full proof of Theorem 2. Under Condition 3.1, the implicit function theorem guarantees the existence of a map z = φ(y) near (y, z). This provides a reduced ODE,
that is globally defined on W 1 = {(y, z) ∈ W 0 : g(y, z) = 0 [22, p. 86]. The result follows from applying LaSalle's proof for ODEs [23] to the reduced ODE. LaSalle's principle is used in the following section to show that competitive exclusion by methanogens is globally asymptotically stable for (1) -(6) with multiplicative Monod kinetics and different decay rates.
Global asymptotic stability with Monod kinetics
In this section, we consider the full MEC system (1) -(6) with multiplicative Monod kinetics, different decay rates, and a constraint based on the Nernst and Butler-Volmer equations. LaSalle's invariance principle allows us to show that competitive exclusion by methanogens is globally asymptotically stable. The proof uses a Lyapunov function adapted from [13] . Suppose that substrate consumption and growth rates for the methanogens are q m1,j (S) = q max,m1,j S K S,m1,j + S , q m2,j (S) = q max,m2,j S K S,m2,j + S ,
and rates for the electroactive bacteria are
q max,m1,j , q max,m2,j , and q max,e,j are the maximum substrate consumption rates; µ max,m1,j , µ max,m2,j , and µ max,e,j are the maximum growth rates; K S,m1,j , K S,m2,j , and K S,e,j , are half rate constants for consumption of substrate; K M,j is the half rate constant for consumption of mediator. As before, the equilibria depend on parameters or functions that are the S solutions to µ m1,j (S) = K d,m1,j , µ m2,j (S) = K d,m2,j , and µ e,j (S, M ) = K d,e,j . Denote these solutions by
Assuming that the microbe concentrations are not each zero and the biofilm layers are not saturated, then λ m1,j , λ m2,j , and λ e,j (M ) are the substrate concentrations at which each microbe has zero net growth. The difference between the two types of microorganisms is that each electroactive bacteria has zero net growth on a curve S = λ e,j (M ). Examples of these curves are shown in Figures 2 and 3 . The fact that electroactive bacteria have dual substrate-mediator limitation complicates the type of analysis that has appeared in the chemostat literature.
In (6), Ohmic losses can be calculated from Ohm's law: η ohm (X e , I) = R int (X e )I where R int (X e ) is the internal resistance and R min ≤ R int (X e ) ≤ R max . Following Kato Marcus et al. [24] , concentration losses at the anode are modeled by the Nernst equation,
where R is the ideal gas constant, T is the temperature, m is the number of moles of electrons transferred per mole of mediator, and F is Faraday's constant. Equation (27) assumes that the reference reduced mediator concentration is equal to the total extracellular mediator concentration, M total [8, 9] . Activation losses at the cathode are calculated using an approximation to the Butler-Volmer equation for the relationship between electric current and potential at an electrode [8] . Standard simplifying assumptions are that the reaction occurs in one step and that the symmetry coefficient (or the fraction of activation loss that affects the rate 
where A sur,A is the anode surface area and I 0 is the reference exchange current density. See [25] for a discussion of approximations to the Butler-Volmer equation. The equilibrium points corresponding to extinction and competitive exclusion in the full unscaled model are given in Table 2 . Microbe concentrations at these equilibria are solutions toṠ = 0 where only one microbe survives:
The mediator concentrations are the solutions to the constraint (6) at the corresponding points:
Finally, in the case of competitive exclusion by electroactive bacteria, the electric current is the solution to , for all obtainable mediator concentrations. In this scenario, competitive exclusion by methanogen X ⋆,1 will occur. That is, the only microbe that survives at the globally stable equilibrium will be methanogen X ⋆,1 . Additionally, all solutions converge to a point near the right end of the dotted orange line in the M S-plane. : Curves along which the most successful electroactive and methanogenic microbes have zero net growth. This figure depicts a scenario where one of the electroactive bacteria, X e,1 , can survive at the lowest substrate concentration, S = λ e,1 (M ), for some mediator concentrations. In this scenario, the outcome of competition is unclear. Equilibrium points that might possibly correspond to competitive exclusion by electroactive bacteria will be on the blue curve below the dashed orange line. However, their location is determined by solutions to the constraint.
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Equilibrium Point Biological Meaning
Extinction of all microbe species
Competitive exclusion by one methanogen of type m 1
Competitive exclusion by one methanogen of type m 2 P e := (λ e,1 (M * ), 0, 0, X * e , M * , I * ) Competitive exclusion by one electroactive bacteria Table 2 : Equilibrium points of the MEC system (1)- (6) with Monod kinetics given by (20) - (23). These equilibrium points represent extinction of all microbes or competitive exclusion by one microbe species. M = 0 when X e (t) = X * e and M (t) = M * :
This analysis focuses on the set
For the remainder of this section, we will assume that initial conditions lie in Ω.
Our first theorem relies on the following lemma regarding positivity and boundedness of the DAE solutions.
Lemma 3. Ω is positively invariant for (1) -(6) with Monod kinetics given by (20) -(23).
We defer the proof of Lemma 3 to Appendix A. Lemma 3 will be used in the proofs of the theorem later in this section. The next lemma identifies conditions under which a microorganism cannot survive at the stable equilibrium. We leave the proof in Appendix B. The intuition behind Lemma 4 is that the substrate concentrations where each microbe has zero net growth are S-coordinates of equilibria points and they must be attainable in the interval (0, S 0 ]. For electroactive bacteria, the equilibrium substrate concentrations must be in the interval (0, S 0 ] for obtainable mediator concentrations, M ∈ (0, M 0 ]. If λ m1,j , λ m2,j , and λ e,j (M ) are not in this interval, definitions (24) and (26) tell us that either (a) the maximum growth rate is less than or equal to the decay rate, or (b) the microbe requires more substrate than is flowing into the device. In other words, for the microorganisms to survive, they must be able to attain positive net growth and must not require more substrate than is available. We will assume without loss of generality that the following condition holds for each microbe species; otherwise, we know solutions will approach equilibrium P 0 as t → ∞ and all microbe species will approach concentration zero. We now present the main result of this section, a theorem describing the competitive exclusion principle in the MEC. Limiting behavior of the DAE system (1) - (6) with Monod kinetics (20) - (23) is determined by the smallest element in Λ := {λ m1,j }
, the set of smallest substrate concentrations where each microbe has zero net growth. Intuitively, when S approaches min (Λ) from above, all but one of the microbes will have negative net growth. Suppose also that, for ⋆ ∈ {m 1 , m 2 }, λ ⋆,1 is strictly smaller than all other elements of Λ (i.e., methanogen X ⋆,1 can survive at the lowest substrate concentration). Then all solutions of (1) - (6) with Monod kinetics (20) -(23) will approach the point P ⋆ as t → ∞.
Proof. The set Ω ⊂ R nm 1 +nm 2 +ne+3 is compact and is positively invariant for (1) - (6) by Lemma 3. If G is the subset where the constraint (6) is satisfied, then Ω G = Ω ∩ G is a compact, positively invariant set for (1) - (6) . Suppose that λ m1,1 is strictly smaller than all other elements of Λ. Then
is a Lyapunov function for (1) - (6) with Monod kinetics (20) - (23), for some unspecified constants c m1,j , c m2,j , and c e,j . 1 We have
, c m1,2 , . . . , c m1,nm 1 , c m2,1 , . . . , c m2,nm 2 , c e,1 , . . . , c e,ne , 0, 0 .
(31) To show thatV ≤ 0 in Ω G , we use the following rearrangements of equations (2) - (4):
Choose positive constants
,
Each term with an α is less than or equal to zero and
Combine dot products with the corresponding sums to obtaiṅ
By assumption, each of the sums is less than or equal to zero. Substituting X * m1,1 =
Thus, Theorem 2 tells us that solutions to equations (1) - (6) that start in Ω G approach the largest invariant set in
SinceṀ = γI ≥ 0, this largest invariant set satisfies I = 0 and M = M 0 . Therefore, this largest invariant set is
is strictly smaller than all other elements of Λ, the previous argument can be modified naturally by exchanging the indices m 1 and m 2 in V to show that solutions to equations (1) -(6) which start in Ω G approach W = {(λ m2,1 , 0, X * m2 , 0, M 0 , 0)}.
Theorem 5 indicates that the methanogen that can survive at the lowest substrate concentration will outcompete as t → ∞. It is possible, albeit unlikely, that multiple methanogen species obtain zero net growth at the same smallest substrate concentration. The following corollary predicts that all of these methanogens will coexist while competitively excluding the other microbes as t → ∞. (1) - (6) with Monod kinetics (20) - (23) will approach the invariant set
Proof. If λ m1,1 = . . . λ m1,k1 = λ m2,1 = · · · = λ m2,k2 = λ are strictly smaller than all distinct elements of Λ, then terms corresponding to X m1,1 , . . . , X m1,k1 and X m2,1 , . . . , X m2,k2 vanish fromV in equation (30) in the proof of Theorem 5. We still haveV ≤ 0, but now solutions approach the largest invariant set in E = {(x, y) ∈ Ω G :V (x, y) = 0} = {(λ,X m1 ,X m2 , 0, M, I)}. The largest invariant set in E is W = {(λ,X m1 ,X m2 , 0, M 0 , 0)}.
Theorem 5 and Corollary 6 predict that the methanogen(s) that can grow at the smallest substrate concentration will outcompete the other species. It is possible that multiple species will share the same smallest λ value, in which case coexistence of methanogens is possible. Theorem 5 also tells us that electroactive bacteria are guaranteed to lose the competition if λ e,1 (M 0 ) > min (Λ). Unfortunately, the Lyapunov function used in the proof of Theorem 5 does not suffice to prove analogous results about global asymptotic stability for electroactive-only equilibria bacteria.
The chemostat literature has shown that competitive exclusion by the microbe that survives at the lowest substrate concentration is globally asymptotically stable in a variety of cases. Several authors have considered limitation by two complementary or substitutable substrates [26, 27, 28, 29] , using either monotone or minimum Monod kinetics. To our knowledge, no one has considered multiplicative Monod kinetics of the form given by (22) - (23), particularly when one of the limiting substrates is a mediator molecule with a concentration that depends on an algebraic constraint. Figures 3 and 4 show that the behavior of the electroactive bacteria is more complicated than a microbe growing on one or two substrates. One also needs detailed information about mediator concentration because electroactive bacteria grow much more slowly when the mediator concentration is low. Given the results in Section 2, it is not surprising that global asymptotic stability of competitive exclusion by electroactive bacteria is more complicated. In the next section, we provide numerical simulations supporting Theorem 5 and Corollary 6. These simulations also show that competitive exclusion by electroactive bacteria may occur if electroactive bacteria can grow at the lowest substrate concentration.
Numerical Simulations
In this section, we consider solutions of (1) - (6) with Monod kinetics (20) - (23) and with one species of each type. We demonstrate that when Theorem 5 and Corollary 6 are satisfied, then solutions behave as expected. That is, if one or more species of methanogens can survive at the lowest substrate concentration, then the model exhibits competitive exclusion by those methanogens. We also demonstrate that if electroactive bacteria survive at the lowest substrate concentration, then the model may exhibit competitive exclusion by electroactive bacteria.
For the simulations below, we generally use parameters from the first table of [7] , with the following exceptions. The influent substrate concentration is S 0 = 100 and the maximum substrate consumption rates for each species are q max,m1,1 = q max,m2,1 = q max,e,1 = 14. The maximum growth rates vary between simulations to change which microbe can grow at the lowest substrate concentration; the parameters are given in Table 3 . Numerical solutions were generated using the variable-order, variable-coefficient backward differentiation formula in fixed-leading coefficient form [30] from the IDAS package of SUNDIALS suite of nonlinear and DAE solvers [31] . Initial conditions were set as S(0) = 100, X m1,1 (0) = 1, X m2,1 (0) = 1, Table 3 : Parameters in the four numerical simulations shown in Figure 5 . We have not provided an analogous result for electroactive bacteria, but Subfigure (d) shows that competitive exclusion by electroactive bacteria may occur when these bacteria can grow at the lowest substrate concentration.
Conclusion
In Section 2, we characterized local asymptotic stability of equilibria in a model with one species of each type, equal decay rates, general monotone kinetics, and a general constraint. Subsequently, in Section 4, we showed that competitive exclusion by methanogens is globally asymptotically stable in a model with finitely many species, multiplicative Monod kinetics, different decay rates, and a constraint based on the Nernst and Butler-Volmer equations. Our results also show that certain operating conditions should be avoided. In both models, if a methanogen species can grow at the lowest substrate value, then competitive exclusion by methanogens is either locally or globally asymptotically stable. These results on competitive exclusion provide a recipe for MEC operation that offers the best chance for long term electrical current and hydrogen production:
1. Determine which microbe can grow at the lowest substrate concentration to ensure that methanogens will not outcompete eventually. Theorem 5 from Section 4 indicate that methanogens will competitively exclude the other microbe species if they can survive at the lowest substrate concentration.
2. Compute the spectrum of the matrix pencil at the electroactive-only equilibrium to ensure that it is locally asymptotically stable. Recall from Case 4 in Section 2 that if one of the electroactive bacteria has zero net growth at the lowest substrate concentration, λ e,1 (m * ), and that the discriminant (17) satisfies either δ < 0 or Re , then competitive exclusion by electroactive bacteria is locally asymptotically stable. Then solutions near an electroactive-only equilibrium will approach that equilibrium.
In summary, if electroactive bacteria can survive at the lowest substrate concentration and the technical condition on the discriminant of the matrix pencil is satisfied, then electroactive bacteria are most likely to outcompete methanogens and the MEC is most likely to provide long term electrical current and hydrogen production. On the other hand, if methane production is desirable, one should guarantee that a methanogen can grow at the lowest substrate concentration; then the model will exhibit competitive exclusion by methanogens.
Future work will investigate stability in more detailed MEC models. This work will build upon chemostat literature on substitutable substrates [26, 27, 28] , wall growth [32] , and nutrient recycling [33] . We may also consider degradation of wastewater into simpler substrates such as short chain fatty acids as well as effects of electrode geometry. These considerations will provide a more complete picture of practical MEC operation. As part of this effort, we will also perform model selection for MECs to identify semi-explicit DAE models that best describe MEC current and hydrogen production.
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